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WELL-POSEDNESS AND BLOWUP OF THE GEOPHYSICAL BOUNDARY
LAYER PROBLEM
X. WANG AND Y.-G. WANG
Abstract. Under the assumption that the initial velocity and outflow velocity are analytic
in the horizontal variable, the local well-posedness of the geophysical boundary layer problem
is obtained by using energy method in the weighted Chemin-Lerner spaces. Moreover, when
the initial velocity and outflow velocity satisfy certain condition on a transversal plane, it is
proved that the W 1,∞−norm of any smooth solution decaying exponentially in the normal
variable to the geophysical boundary layer problem blows up in a finite time.
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1. Introduction
In this paper, we consider the following initial boundary value problem in the domain QT =
{0 < t < T, x ∈ R, y > 0},
(1.1)

∂tu+ u∂xu+ v∂yu+
∫ y
+∞(u − U)dy′ − ∂2yu = ∂tU + U∂xU,
∂xu+ ∂yv = 0,
u|t=0 = u0(x, y),
(u, v)|y=0 = (0, 0), lim
y→+∞
u(t, x, y) = U(t, x),
where (u, v) is the velocity field, and U(t, x) is the tangential velocity of the outer flow.
The problem (1.1) describes the oceanic current near the western coast, it can be derived from
the beta plane approximation model of the oceanic current motion at midlatitudes under the
action of wind and the Coriolis force in the large Reynolds number and beta parameter limit. By
properly scaling in certain geophysical regime, and omitting the bottom friction and topography,
the beta plane approximation of the oceanic current can be described by the following two
dimensional homogeneous model (see [4, 15]) in {x ∈ R, Y > 0},
(1.2)

∂tU+U · ∇U− βxU⊥ +∇Π− Re−1∆U = βτ,
div U = 0,
U|Y=0 = 0
1
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where the Cartesian-like coordinates (x, Y ) represent latitude and longitude respectively, and
U = (U, V )T , Π, Re and β are the velocity, the pressure of fluid, the Reynolds number and
the beta-plane parameter respectively, τ = (τ1, τ2)
T is the shear tensor created by wind, and
−xU⊥ represents the effect of the Coriolis force created by rotation with U⊥ = (−V, U)T . When
Re = β2, for which the inertial force, the Coriolis force and viscous friction have the same order
in boundary layer, by multi-scale analysis it is known that as ǫ = Re−1 → 0, the solution of (1.2)
near {Y = 0} behaves as U(t, x, Y ) = u(t, x, Y√ǫ) + o(1)V (t, x, Y ) = √ǫv(t, x, Y√
ǫ
) + o(
√
ǫ)
with (u(t, x, y), v(t, x, y)) satisfying the geophysical boundary layer problem (1.1). More detail
of the derivation can be found in [7, 17].
For the two-dimensional incompressible Navier-Stokes equations with non-slip boundary con-
dition, Prandtl introduced in [16] that in the small viscosity limit, the flow near the boundary
is described by a problem similar to (1.1) without the integral term, which is called the Prandtl
equation. Under the monotonicity assumption, uy > 0, the well-posedness of the Prandtl equa-
tion is established in [1, 11, 13, 14, 20] and references therein. On the other hand, without the
monotonicity condition, the well-posedness of the Prandtl equation was obtained in the analytic
class and the Gevery class, cf. [2, 5, 10, 12, 21], and the blowup of the Sobolev norm of solutions
in a finite time was given in [6, 9] for certain class initial data.
Certain formal discussion on the boundary layers of geophysical fluids can be found in [15].
For the system (1.2) with an additional bottom friction term, the behavior of the Munk layers
and Stommel layers was given in [4]. Recently, the well-posedness of a two-dimensional steady
geophysical boundary layer problem was studied in [3].
The aim of this paper is to study the local well-posedness and blowup of solutions to the un-
steady geophysical boundary layer problem (1.1). Compared with the classical Prandtl equation,
there has an additional integral term in (1.1). To deal with this integral term, we shall study
this problem in a weighted function space with respect to the normal variable. By developing
the energy method given in [18, 21] and estimating the additional integral term, we shall obtain
the well-posedness of the geophysical boundary layer problem (1.1) when both of the initial data
and the outer flow velocity are analytic in the tangential variable. On the other hand, in a way
similar to that given in [9], by constructing a Lyapunov functional we shall deduce that the
W 1,∞−norm of the solution to the geophysical boundary layer problem (1.1) must blow up in a
finite time for certain class of initial data and outer flow, which shows that in general, the above
analytic solution exists only locally in time. Due to the integral term, we shall require that the
initial data and outer flow satisfy
(1.3) u0x(0, y) ≤ Ux(0, 0)
such that the integral term in (1.1) could keep the sign unchanged. It is interesting to see that
this integral term has a sensitive effect on the formation of singularity when we study the blowup
mechanism of the solution to this problem. Especially, in the case of the outer flow tangential
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velocity being zero identically, we get that the blowup of the solution always occurs in a finite
time for any nonzero initial data, but, for which the classical Prandtl equation has a almost
global solution ( [8, 21]).
To state our main results, as in [21], we introduce
φ(t, y) = Erf
(
y√
4(t+ 1)
)
with Erf(y) =
2√
π
∫ y
0
e−z
2
dz,
to homogenize the condition of u at infinity given in (1.1). Obviously, φ(t, y) is a solution to the
problem 
∂tφ− ∂2yφ = 0,
φ
∣∣
y=0
= 0, lim
y→+∞
φ(t, y) = 1,
φ
∣∣
t=0
= Erf(y2 ).
Let us = Uφ and w = u− us. From (1.1), we know that w satisfies the following problem
(1.4)

∂tw + (w + u
s)∂xw + w∂xu
s − ∫ y0 ∂x(w + us)dy′∂y(w + us) + ∫ y+∞ wdy′
−∂2yw = (1− φ)(∂tU + (1 + φ)U∂xU)−
∫ +∞
y
U(1− φ)dy′,
w
∣∣
y=0
= 0, lim
y→+∞w = 0,
w
∣∣
t=0
= w0(x, y) , u0(x, y)− U(0, x)Erf(y2 ).
By applying the Littlewood-Paley theory, we shall obtain the existence and uniqueness of a
solution to the problem (1.4) in the weighted Chemin-Lerner spaces, when the initial data and
outflow velocity are analytic in x ∈ R.
Theorem 1.1. For a given T0 > 0, assume that the initial velocity w0(x, y) and the outflow
velocity U(t, x) are analytic in x ∈ R, and
e〈D〉w0 ∈ B
1
2 ,0
ψ0
and
e〈D〉U ∈ L˜∞T0(B
1
2 ) ∩ L˜∞T0(B1) ∩ L˜∞T0(B
3
2 ), e〈D〉Ut ∈ L˜∞T0(B
1
2 ),
where the spaces given at above will be defined in Definition 2.1 with the Fourier multiplier D
and the weight ψ0 being in (2.9). Then, there exists 0 < T
∗ ≤ T0 such that the problem (1.4) has
a unique solution eΦ(t,D)w ∈ L˜∞T∗(B
1
2 ,0
ψ ), where Φ(t,D) is the operator associated with the symbol
Φ(t, ξ) being given in (2.12).
Moreover, we shall have the following blowup result:
Theorem 1.2. For a given T > 0, assume that the initial data and outer flow satisfy
(1.5) u0(0, y) = U(0, 0) = 0, Ux(t, 0) ≥ 0, u0x(0, y) ≤ Ux(0, 0)
and there is M > 0 depending on T and ‖Ux(·, 0)‖L∞([0,T ]) such that∫ +∞
0
ρ(y)
(
Ux(0, 0)− u0x(0, y)
)
dy > M(1.6)
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for a weight function ρ(y) given in (3.32), if the smooth solution u ∈ C3(QT ) of (1.1) satisfies
(1.7) lim
y→+∞
(u− U)eψ = 0 and lim
y→+∞
(ux − Ux)ey = 0,
then the W 1,∞−norm of u will blow up in a finite time, where the weight ψ(t, y) is the same as
given in Theorem 1.1. Moreover, the constant M in the condition (1.6) can be zero when the
outflow velocity vanishes identically, U(t, x) ≡ 0.
Remark 1.3. The exponential decay property (1.7) and the last inequality in the condition (1.5)
are imposed to deal with the integral term given in (1.1). In particular, when U(t, x) ≡ 0, the
blowup result can be obtained for any nonzero initial data satisfying the simplified version of
(1.5)
(1.8) u0(0, y) = 0, u0x(0, y) ≤ 0,
which differs from the result obtained in [9] for the classical Prandtl equation.
The rest of this paper is organised as follows: In section 2, we apply the Littlewood-Palay
theory to establish the existence and uniqueness of the solution to the problem (1.4). In section
3, we analyze the blowup of a smooth solution to the problem (1.1) under the conditions (1.5),
(1.6) and (1.7).
2. Local well-posedness
First, let us recall some basic knowledge on the Littlewood-Paley theory and introduce the
function spaces, one can refer to [18, 21] for the related definitions and properties.
Let (ϕ, χ) be smooth functions such that
supp ϕ ⊂
{
τ ∈ R∣∣3
4
≤ |τ | ≤ 8
3
}
, supp χ ⊂
{
τ ∈ R∣∣|τ | ≤ 4
3
}
satisfying ∑
k∈N
ϕ(2−kτ) = 1 (∀τ 6= 0), χ(τ) +
∑
k≥0
ϕ(2−kτ) = 1 (∀τ ∈ R).
For any given f ∈ S ′(Rx), denote by Skf = F−1[χ(2−k|ξ|)F [f ]], and
∆kf =

F−1[ϕ(2−k|ξ|)F [f ]], k ≥ 0,
F−1[χ(|ξ|)F [f ]], k = −1,
0, k ≤ −2,
where F and F−1 denote the Fourier transform and the inverse Fourier transform in the x-
variable.
Introduce the following function spaces with parameters s > 0, l ∈ N+ and p ∈ [1,+∞].
Definition 2.1. (i) The space Bs is the set of functions u ∈ S ′(R) such that
‖u‖Bs :=
∑
k∈Z
2ks‖∆ku‖L2(R) < +∞.
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(ii) The space Bs,lψ , with a positive function ψ(y), is the space of functions u ∈ S ′(R2+) such that
‖u‖
B
s,l
ψ
:=
l∑
j=0
∑
k∈Z
2ks‖eψ(y)∆k∂jyu‖L2(Rx×R+) < +∞.
(iii) The space L˜pt (B
s) is defined as the completion of C([0, t];S(R)) with the norm
‖u‖L˜pt (Bs) :=
∑
k∈Z
2ks
( ∫ t
0
‖∆ku(t′, ·)‖pL2(R)dt′
) 1
p .
(iv) For any positive function ψ(t′, y) and nonnegative f(t′) ∈ L1loc(R+), the space L˜pt,f(Bs,lψ ) is
defined as the completion of C([0, t];S(R2+)) with the norm
‖u‖
L˜
p
t,f
(Bs,l
ψ
) :=
l∑
j=0
∑
k∈Z
2ks
( ∫ t
0
f(t′)‖eψ(t′,y)∆k∂jyu(t′, ·)‖pL2(Rx×R+)dt′
) 1
p .
Denote L˜pt,1(B
s,l
ψ ) by L˜
p
t (B
s,l
ψ ) for simplicity when f(t
′) ≡ 1. The above notations can be properly
changed when p = +∞.
2.1. Apriori estimates. The main step is to establish apriori estimates of solutions to the
problem (1.4), and the existence of solutions can be obtained in a usual way by constructing
approximate solution sequence through linearization and a proper iteration scheme, and proving
the convergence of approximate solutions via the apriori estimates. Firstly, we shall study the
apriori estimates for (1.4).
Similar to that given in [21], to obtain energy estimates for solutions of (1.4), we introduce
the weights
(2.9) ψ(t, y) =
1 + y2
16(1 + t)γ
and ψ0(y) =
1 + y2
16
,
with γ ≥ 2.
Denote by wˆ(t, ξ, η) the Fourier transform of w(t, x, y) in the x-variable, and
wΦ(t, x, y) = F−1ξ→x[eΦ(t,ξ)wˆ(t, ξ, y)]
for a given locally bounded function Φ(t, ξ). To deal with the loss of derivatives in the x-variable
in (1.4), for any given δ > 0, we shall take
(2.10) Φδ(t, ξ) = (δ − λθ(t))〈ξ〉
with 〈ξ〉 = 1 + |ξ| and a parameter λ, in which θ(t) is mainly used to deal with enery estimates
for the nonlinear terms and is determined by the following problem
(2.11)

θ˙ = 〈t〉 γ4 ‖∂ywΦ‖
B
1
2
,0
ψ
+ 〈t〉 γ4 ‖UΦ‖
B
1
2
+ 〈t〉 γ2 ‖wΦ‖2B1,0
ψ
+ ‖wΦ‖2
B
1
2
,0
ψ
+〈t〉 12 ‖UΦ‖2
B
1
2
+ 〈t〉 12 ‖UΦ‖2B1 + 〈t〉γ ,
θ
∣∣
t=0
= 0,
with
Φ(t, ξ) := Φ1(t, ξ) = (1− λθ(t))〈ξ〉.(2.12)
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If w(t, x, y) is a classical solution of the problem (1.4), then we know that wΦ = F−1ξ→x[eΦ(t,ξ)wˆ(t, ξ, y)]
satisfies the following equation
∂twΦ + λθ˙〈D〉wΦ + [(w + us)∂xw]Φ + [w∂xus]Φ
+
[
(−
∫ y
0
∂x(w + u
s)dy′)∂y(w + ws)
]
Φ
+
[∫ y
+∞
wdy′
]
Φ
=∂2ywΦ + (1− φ)[∂tU + (1 + φ)U∂xU ]Φ −
∫ +∞
y
UΦ(1− φ)dy′
(2.13)
with Φ(t, ξ) being given in (2.12).
Acting the dyadic operator ∆k on (2.13) and taking L
2(QT ) inner product with e
2ψ∆kwΦ for
ψ(t, y) given in (2.9), it follows(
eψ∂t∆kwΦ
∣∣∣eψ∆kwΦ)+ λ(θ˙〈D〉eψ∆kwΦ∣∣∣eψ∆kwΦ)− (eψ∆k∂2ywΦ∣∣∣eψ∆kwΦ)
=−
(
eψ∆k[(w + u
s)∂xw]Φ
∣∣∣eψ∆kwΦ)− (eψ∆k[w∂xus]Φ∣∣∣eψ∆kwΦ)
+
(
eψ∆k[(
∫ y
0
∂x(w + u
s)dy′)∂y(w + us)]Φ
∣∣∣eψ∆kwΦ)− (eψ∆k[∫ y
+∞
wdy′]Φ
∣∣∣eψ∆kwΦ)
+
(
eψ(1− φ)∆k[∂tU + (1 + φ)U∂xU ]Φ
∣∣∣eψ∆kwΦ)− (eψ ∫ +∞
y
∆kUΦ(1− φ)dy′
∣∣∣eψ∆kwΦ)
:=
6∑
i=1
Ji,
(2.14)
where (·|·) represents the inner product in L2(QT ).
In the following calculation, for convenience we shall denote a ≤ Cb (a ≥ Cb) by a . b (a & b),
for a generic constant C may change from line to line. Let us estimate each term given in (2.14).
First, the terms on the left hand side of (2.14) can be estimated as follows:
(eψ∂t∆kwΦ|eψ∆kwΦ) =1
2
‖eψ∆kwΦ(T, ·)‖2L2+ −
1
2
‖eψ0∆ke〈D〉w0‖2L2+ − (ψte
ψ∆kwΦ|eψ∆kwΦ),
−(eψ∆k∂2ywΦ|eψ∆kwΦ) =(2ψyeψ∆k∂ywΦ|eψ∆kwΦ) + (eψ∆k∂ywΦ|eψ∆k∂ywΦ)
≥1
2
(eψ∆k∂ywΦ|eψ∆k∂ywΦ)− (2ψ2yeψ∆kwΦ|eψ∆kwΦ)
and
λ(θ˙〈D〉eψ∆kwΦ|eψ∆kwΦ) & (1 + 2k)λ(θ˙eψ∆kwΦ|eψ∆kwΦ).
Thus, we get
Lemma 2.1. If we denote by
I(k) =(eψ∂t∆kwΦ|eψ∆kwΦ) + λ(θ˙〈D〉eψ∆kwΦ|eψ∆kwΦ)− (eψ∆k∂2ywΦ|eψ∆kwΦ)
+
1
2
‖eψ0∆keδ〈D〉w0‖2L2+ ,
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then one has∑
k∈Z
2
k
2
√
I(k) &‖wΦ‖
L˜∞T (B
1
2
,0
ψ
)
+ ‖
√
−(ψt + 2ψ2y)wΦ‖
L˜2T (B
1
2
,0
ψ
)
+ ‖∂ywΦ‖
L˜2T (B
1
2
,0
ψ
)
+
√
λ
(‖wΦ‖
L˜2
T,θ˙
(B
1
2
,0
ψ
)
+ ‖wΦ‖L˜2
T,θ˙
(B1,0
ψ
)
)
.
Now it remains to control the right hand side of (2.14) term by term. We shall mainly study
the estimates for J4 and J6, and the following result for other terms was obtained in [18].
Lemma 2.2. ( [18, pp. 8-14]) For any given σ > 0, there is a constant Cσ > 0 such that the
terms J1, J2, J3 and J5 given in (2.14) can be bounded as follows:∑
k∈Z
2
k
2
√
|J1(k)| .Cσ‖wΦ‖L˜2
T,θ˙
(B1,0
ψ
) + σ‖∂ywΦ‖
L˜2T (B
1
2
,0
ψ
)
+ σT
1
2 ‖UΦ‖
L˜∞T (B
1
2 )
,
∑
k∈Z
2
k
2
√
|J2(k)| .‖wΦ‖L˜2
T,θ˙
(B1,0
ψ
) + σT
1
2 ‖UΦ‖L˜∞
T
(B1),∑
k∈Z
2
k
2
√
|J3(k)| .Cσ‖wΦ‖L˜2
T,θ˙
(B1,0
ψ
) + Cσ‖UΦ‖L˜∞T (B 32 )‖ywΦ‖L˜2T (B
1
2
,0
ψ
)
+ σ‖∂ywΦ‖
L˜2T (B
1
2
,0
ψ
)
+ σT
1
2 ‖UΦ‖
L˜∞T (B
1
2 )
‖UΦ‖
L˜∞T (B
3
2 )
+ σT
1
2 ‖UΦ‖
L˜∞T (B
1
2 )
and ∑
k∈Z
2
k
2
√
|J5(k)| .‖wΦ‖L˜2
T,θ˙
(B1,0
ψ
) + T
1
2
(‖UΦ‖
L˜∞T (B
1
2 )
+ ‖UΦ‖L˜∞
T
(B1)
)
+ ‖wΦ‖
L˜2
T
(B
1
2
,0
ψ
)
+ (T
3
2 − 1) 12 ‖∂tUΦ‖
L˜∞T (B
1
2 )
.
Lemma 2.3. For J4(k) and J6(k) given in (2.14), we have∑
k∈Z
2
k
2
√
|J4(k)| . ‖ywΦ‖
L˜2T (B
1
2
,0
ψ
)
+ ‖wΦ‖
L˜2
T,θ˙
(B
1
2
,0
ψ
)
(2.15)
and ∑
k∈Z
2
k
2
√
|J6(k)| . (〈T 〉
5
2 − 1) 12 ‖UΦ‖
L˜∞T (B
1
2
,0
ψ
)
+ ‖wΦ‖
L˜2T (B
1
2
,0
ψ
)
.(2.16)
Proof. The term J4 given in (2.14) can be controlled as follows:
|J4(k)| = |(eψ∆k[
∫ y
+∞
wdy′]Φ|eψ∆kwΦ)|
≤
∫ T
0
‖eψ∆kwΦ‖L2+
( ∫
R+
dy
∫
R
dx
(
e2ψ
∫ y
+∞
e2ψ(∆kwΦ)
2dy′
∫ y
+∞
e−2ψdy′
)) 12
dt
.
∫ T
0
〈t〉 γ2 ‖eψ∆kwΦ‖L2+
(∫
R+
dy
∫
R
dx
∫ y
+∞
e2ψ(∆kwΦ)
2dy′
) 1
2
dt
≤
∫ T
0
〈t〉 γ2 (‖yeψ∆kwΦ‖L2+ + ‖e
ψ∆kwΦ‖L2+)‖e
ψ∆kwΦ‖L2+dt
≤ 1
2
∫ T
0
‖yeψ∆kwΦ‖2L2+dt+
∫ T
0
(〈t〉 γ2 + 1
2
〈t〉γ)‖eψ∆kwΦ‖2L2+dt,
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which implies the estimate (2.15) immediately by using the definition of L˜pT (B
1
2 ,0
ψ ), L˜
p
T,θ˙
(B
1
2 ,0
ψ )
and θ˙.
For the terms J6, it yields
|J6(k)| = |(eψ
∫ +∞
y
∆kUΦ(1 − φ)dy′|eψ∆kwΦ)|
.
∫ T
0
∫
R+
eψ
∫ +∞
y
(1− φ)dy′‖∆kUΦ‖L2x‖eψ∆kwΦ‖L2xdydt
.
∫ T
0
‖eψ
∫ +∞
y
(1− φ)dy′‖L2y‖∆kUΦ‖L2x‖eψ∆kwΦ‖L2+dt
. (〈T 〉 52 − 1) 12 ‖∆kUΦ‖L∞t L2x(
∫ T
0
‖eψ∆kwΦ‖2L2+dt)
1
2 ,
where ‖eψ ∫∞
y
(1 − φ)dy′‖L2y . 〈t〉
3
4 has been used. By using the Cauchy inequality, we conclude
the estimate (2.16). 
Now the apriori estimates are given in the following theorem.
Theorem 2.1. Suppose that w(t, x, y) is a classical solution of the problem (1.4), then there
exist T2 > 0 and a positive constant G such that there holds
‖wΦ‖
L˜∞
T
(B
1
2
,0
ψ
)
+ ‖
√
−(ψt + 2ψ2y)wΦ‖
L˜2
T
(B
1
2
,0
ψ
)
+ ‖∂ywΦ‖
L˜2
T
(B
1
2
,0
ψ
)
+
√
λ
(
‖wΦ‖
L˜2
T,θ˙
(B
1
2
,0
ψ
)
+ ‖wΦ‖L˜2
T,θ˙
(B1,0
ψ
)
)
≤G
(
‖e〈D〉w0‖
B
1
2
,0
ψ0
+ T
1
2 (‖e〈D〉U‖
L˜∞
T
(B
1
2 )
+ ‖e〈D〉U‖L˜∞
T
(B1))
+ (〈T 〉 32 − 1) 12 ‖e〈D〉∂tU‖
L∞T (B
1
2 )
+ (〈T 〉 52 − 1) 12 ‖e〈D〉U‖
L∞T (B
1
2 )
+ σT
1
2 ‖e〈D〉U‖
L˜∞T (B
1
2 )
‖e〈D〉U‖
L˜∞T (B
3
2 )
)
(2.17)
for any 0 < T ≤ T2, and the weight Φ(t, ξ) is positive in [0, T2].
Proof. Combining Lemmas 2.1, 2.2 and 2.3, there is a constant G > 0, such that
‖wΦ‖
L˜∞T (B
1
2
,0
ψ
)
+ ‖
√
−(ψt + 2ψ2y)wΦ‖
L˜2T (B
1
2
,0
ψ
)
+ ‖∂ywΦ‖
L˜2T (B
1
2
,0
ψ
)
+
√
λ
(
‖wΦ‖
L˜2
T,θ˙
(B
1
2
,0
ψ
)
+ ‖wΦ‖L˜2
T,θ˙
(B1,0
ψ
)
)
≤G
(
‖e〈D〉w0‖
B
1
2
,0
ψ0
+ Cσ‖wΦ‖L˜2
T,θ˙
(B1,0
ψ
) + σ‖∂ywΦ‖
L˜2T (B
1
2
,0
ψ
)
+ ‖ywΦ‖
L˜2T (B
1
2
,0
ψ
)
+ T
1
2 (‖UΦ‖
L˜∞
T
(B
1
2 )
+ ‖UΦ‖L˜∞T (B1)) + Cσ‖UΦ‖L˜∞T (B 32 )‖ywΦ‖L˜2T (B
1
2
,0
ψ
)
+ (〈T 〉 32 − 1) 12 ‖[∂tU ]Φ‖
L∞T (B
1
2 )
+ (〈T 〉 52 − 1) 12 ‖UΦ‖
L∞T (B
1
2 )
+ σT
1
2 ‖UΦ‖
L˜∞T (B
1
2 )
‖UΦ‖
L˜∞T (B
3
2 )
+ ‖wΦ‖
L˜2
T,θ˙
(B
1
2
,0
ψ
)
)
(2.18)
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for any given σ > 0.
Noticing that √
−(ψt + 2ψ2y) ≥ y
√
γ − 1
16(1 + t)γ+1
,(2.19)
by choosing λ and γ large enough, such that
G
(
Cσ‖UΦ‖
L˜∞T1
(B
3
2 )
+ 1
)
<
√
γ − 1
16(1 + T1)γ+1
(2.20)
holds for a fixed T1 > 0.
Therefore, by using the inequalities (2.19) and (2.20), the estimate (2.17) is derived from (2.18)
for any 0 < T ≤ T1.
On the other hand, in view of (2.11) and (2.17), there exists a constant C(w0, U, t) depending
on w0, U and t such that
θ(t) =
∫ t
0
θ˙dt′ =
∫ t
0
(
〈t′〉
γ
4 ‖∂ywΦ‖
B
1
2
,0
ψ
+ 〈t′〉
γ
4 ‖UΦ‖
B
1
2
+ 〈t′〉
γ
2 ‖wΦ‖2B1,0
ψ
+ ‖wΦ‖2
B
1
2
,0
ψ
+ 〈t′〉 12 ‖UΦ‖2
B
1
2
+ 〈t′〉 12 ‖UΦ‖2B1 + 〈t′〉γ
)
dt′
.(〈t〉 γ2+1 − 1) 12 ‖∂ywΦ‖
L˜2t(B
1
2
,0
ψ
)
+ (〈t〉 γ4+1 − 1)‖e〈D〉U‖
L˜∞t (B
1
2 )
+ 〈t〉 γ2 ‖wΦ‖L˜2t(B1,0ψ )
+ ‖wΦ‖
L˜2t(B
1
2
,0
ψ
)
+ (〈t〉 32 − 1)(‖e〈D〉U‖2
L˜∞t (B
1
2 )
+ ‖e〈D〉U‖2
L˜∞t (B
1)
) + (〈t〉γ+1 − 1)
.C(w0, U, t).
Therefore one can choose 0 < T2 ≤ T1 properly small such that
(2.21) 0 < T2 ≤ sup
t>0
{
θ(t) <
1
λ
}
,
which guarantees the weight Φ(t, ξ) defined in (2.10) is positive on [0, T2]. Thereby we obtain
the apriori estimate (2.17) for 0 < T ≤ T2. 
Remark 2.2. If the weight Φ is replaced by Φδ, there exists a time Tδ such that the apriori
estimate in Theorem 2.1 is still valid in [0, Tδ], with e
〈D〉 being replaced by eδ〈D〉.
2.2. Existence of a solution. To obtain the existence of a solution to the problem (1.4), similar
to that given in [18], consider the approximation of (1.4) as follows for any integer n ≥ 1,
(2.22)

∂twn + (wn + u
s)∂xwn + wn∂xu
s − ∫ y
0
∂x(wn + u
s)dy′∂y(wn + us)
+
∫ y
+∞ wndy
′ − ∂2ywn − 1n2 ∂2xwn
= (1 − φ)(∂tU + (1 + φ)U∂xU)−
∫ +∞
y
U(1− φ)dy′,
wn
∣∣
y=0
= 0, lim
y→+∞
wn = 0, wn
∣∣
t=0
= w0(x, y).
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The well-posedness of the problems (2.22) can be obtained from the classical theory of the
parabolic equations, and wn(n ≥ 1) satisfies the same apriori estimate (2.17) on [0, T2] as given
in Theorem 2.1.
For any fixed δ ∈ (0, 1) in Φδ given in (2.10), by using
‖(wn)Φδ‖L˜2T (B2,0ψ ) . ‖(wn)Φ1‖L˜2T (B1,0ψ ) (n ≥ 1),
in a way similar to the proof of uniqueness given in the next subsection, we can get that there
exists 0 < T ∗ ≤ T2 such that V = wn+1 − wn satisfies the following estimate,
‖VΦδ‖
L˜∞T (B
1
2
,0
ψ
)
+ ‖∂yVΦδ‖
L˜2T (B
1
2
,0
ψ
)
. (
1
n2
+
1
(n+ 1)2
)R, for 0 < T ≤ T ∗
where R represents the right hand side of (2.17). Therefore for any fixed 0 < δ ≤ 1 in the weight
Φδ, {(wn)Φδ}n≥1 is a Cauchy sequence in L˜∞T (B
1
2 ,0
ψ ), which follows the existence of a solution to
the problem (1.4).
2.3. Uniqueness of the solution. In this subsection, we study the uniqueness of the solution
to the problem (1.4). Suppose that the problem (1.4) has two solutions w1 and w2, obviously
V = w1 − w2 satisfies the following problem,
(2.23)

∂tV +
∫ y
+∞ V dy
′ − ∂2yV = −(w2 + us)∂xV − V ∂xw1 + V ∂xus
+
∫ y
0 ∂x(w
2 + us)∂yV +
∫ y
0 ∂xV dy
′∂y(w1 + us),
V
∣∣
y=0
= 0, lim
y→+∞
V = 0, V
∣∣
t=0
= 0.
Denote the corresponding weights by θ1(t),Φ11(t, ξ) and θ
2(t),Φ12(t, ξ) given in (2.11) and (2.10)
with respect to w1 and w2 for δ = 1, we introduce
Θ = θ1 + θ2 and Φ̂δ = (δ − λΘ(t))〈ξ〉, for any given δ ∈ (0, 1).
From (2.23), one has that
∂tVΦˆδ + λΘ˙VΦˆδ +
∫ y
+∞
VΦˆδdy
′ − ∂2yVΦˆδ = −[(w2 + us)∂xV ]Φˆδ − [V ∂xw1]Φˆδ − [V ∂xus]Φˆδ
+ [
∫ y
0
∂x(w
2 + us)dy′∂yV ]Φˆδ + [
∫ y
0
∂xV dy
′∂y(w1 + us)]Φˆδ .
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By acting the dyadic operator ∆k on the above equation and taking L
2(QT ) inner product
with e2ψ∆kVΦˆδ , it yields that
(
eψ∂t∆kVΦˆδ
∣∣∣eψ∆kVΦˆδ)+ λ(Θ˙〈D〉eψ∆kVΦˆδ ∣∣∣eψ∆kVΦˆδ)− (eψ∆k∂2yVΦˆδ ∣∣∣eψ∆kVΦˆδ)
=−
(
eψ∆k[(w
2 + us)∂xV ]Φˆδ
∣∣∣eψ∆kVΦˆδ)− (eψ∆k[V ∂xus]Φˆδ ∣∣∣eψ∆kVΦˆδ)
−
(
eψ∆k[V ∂xw
1]Φˆδ
∣∣∣eψ∆kVΦˆδ)+ (eψ∆k[(∫ y
0
∂x(w
2 + us)dy′)∂yV ]Φˆδ
∣∣∣eψ∆kVΦˆδ)
+
(
eψ∆k[(
∫ y
0
∂xV dy
′)∂y(w1 + us)]Φˆδ
∣∣∣eψ∆kVΦˆδ)− (eψ∆k[∫ y
+∞
V dy′]Φˆδ
∣∣∣eψ∆kVΦˆδ)
:=
6∑
i=1
Ji.
(2.24)
In a way similar to that given in Lemmas 2.1 and 2.3, one has the following result:
Lemma 2.4. Set
I(k) ,
(
eψ∂t∆kVΦˆδ
∣∣∣eψ∆kVΦˆδ)+ λ(Θ˙〈D〉eψ∆kVΦˆδ ∣∣∣eψ∆kVΦˆδ)− (eψ∆k∂2yVΦˆδ ∣∣∣eψ∆kVΦˆδ).
For J6 and I(k) given at above, there hold
∑
k∈Z
2
k
2
√
|J6(k)| . ‖yVΦˆ‖
L˜2
T
(B
1
2
,0
ψ
)
+ ‖VΦˆ‖
L˜2
T,Θ˙
(B
1
2
,0
ψ
)
and
∑
k∈Z
2
k
2
√
I(k) &‖VΦˆ‖
L˜∞T (B
1
2
,0
ψ
)
+ ‖
√
−(ψt + 2ψ2y)VΦˆ‖
L˜2T (B
1
2
,0
ψ
)
+ ‖∂yVΦˆ‖
L˜2T (B
1
2
,0
ψ
)
+
√
λ
(‖VΦˆ‖
L˜2
T,Θ˙
(B
1
2
,0
ψ
)
+ ‖VΦˆ‖
L˜2
T,Θ˙
(B
1
2
,0
ψ
)
)
.
As shown in [18, 21], for 0 < δ < 1, there hold
‖wi
Φˆδ
‖
L˜∞
T
(B
3
2
,0
ψ
)
. ‖wiΦ1i ‖L˜∞
T
(B
1
2
,0
ψ
)
, ‖wi
Φˆδ
‖
L˜2
T
(B
3
2
,0
ψ
)
. ‖wiΦ1i ‖L˜2
T
(B
1
2
,0
ψ
)
(i = 1, 2).
The remaining terms given on the right hand side of (2.24) can be controlled as given in [18,
pp. 34-38], and one concludes:
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Lemma 2.5. For any σ > 0, the terms Ji (1 ≤ i ≤ 5) given in (2.24) satisfy the following
estimate:
5∑
i=0
∑
k∈Z
2
k
2
√
|Ji(k)|
.
(‖∂yw2Φ12‖L˜2T (B 12 ,0ψ ) + T 12 ‖e〈D〉U‖L˜∞T (B 12 )) 12 ‖VΦˆδ‖L˜∞T (B 12 ,0ψ )(〈T 〉 γ2+1 − 1) 14
+ T
1
2 ‖e〈D〉U‖
1
2
L˜∞
T
(B
1
2 )
‖VΦˆδ‖
L˜∞T (B
1
2
,0
ψ
)
+ σ(〈T 〉 γ2+1 − 1) 12 ‖w1Φ11‖L˜∞T (B
1
2
,0
ψ
)
‖VΦˆδ‖
L˜∞T (B
1
2
,0
ψ
)
+ σ‖∂yVΦˆδ‖
L˜2T (B
1
2
,0
ψ
)
+ Cσ(〈T 〉
γ
2+1 − 1) 12 ‖w2Φ12‖L˜∞T (B
1
2
,0
ψ
)
‖VΦˆδ‖
L˜∞T (B
1
2
,0
ψ
)
+ Cσ‖UΦˆδ‖
L˜∞T (B
3
2
ψ
)
‖yVΦˆδ‖
L˜2T (B
1
2
,0
ψ
)
+ Cσ‖VΦˆδ‖L˜2
T,Θ˙
(B1,0
ψ
).
Based on the above lemmas, we give the proof of the uniqueness part of Theorem 1.1 as follows.
Proof of the uniqueness part of Theorem 1.1. Combining Lemmas 2.4 and 2.5, from
(2.24) we obtain that
‖VΦˆδ‖
L˜∞
T
(B
1
2
,0
ψ
)
+ ‖
√
−(ψt + 2ψ2y)VΦˆδ‖
L˜2
T
(B
1
2
,0
ψ
)
+ ‖∂yVΦˆδ‖
L˜2
T
(B
1
2
,0
ψ
)
+
√
λ
(‖VΦˆδ‖
L˜2
T,Θ˙
(B
1
2
,0
ψ
)
+ ‖VΦˆδ‖
L˜2
T,Θ˙
(B
1
2
,0
ψ
)
)
.Cσ‖VΦˆδ‖L˜2
T,Θ˙
(B1,0
ψ
) +
(‖∂yw2Φ12‖L˜2T (B 12 ,0ψ ) + T 12 ‖e〈D〉U‖L˜∞T (B 12 )) 12 ‖VΦˆδ‖L˜∞T (B 12 ,0ψ )(〈T 〉 γ2+1 − 1) 14
+ T
1
2 ‖e〈D〉U‖
1
2
L˜∞T (B
1
2 )
‖VΦˆδ‖
L˜∞
T
(B
1
2
,0
ψ
)
+ σ(〈T 〉 γ2+1 − 1) 12 ‖w1Φ11‖L˜∞
T
(B
1
2
,0
ψ
)
‖VΦˆδ‖
L˜∞
T
(B
1
2
,0
ψ
)
+ σ‖∂yVΦˆδ‖
L˜2
T
(B
1
2
,0
ψ
)
+ Cσ(〈T 〉
γ
2+1 − 1) 12 ‖w2Φ12‖L˜∞
T
(B
1
2
,0
ψ
)
‖VΦˆδ‖
L˜∞
T
(B
1
2
,0
ψ
)
+ Cσ‖UΦˆδ‖
L˜∞
T
(B
3
2
ψ
)
‖yVΦˆδ‖
L˜2
T
(B
1
2
,0
ψ
)
+ ‖yVΦˆδ‖
L˜2
T
(B
1
2
,0
ψ
)
+ ‖VΦˆδ‖
L˜2
T,Θ˙
(B
1
2
,0
ψ
)
.
By taking λ and γ large and T > 0 being small properly, the above inequality implies
‖VΦˆδ‖
L˜∞T (B
1
2
,0
ψ
)
= 0.
Thus, we get V ≡ 0 in 0 ≤ t ≤ T , this uniqueness can be extended to the whole time interval
of existence of the solution given in Section 2.1 with the aid of continuation argument. 
3. Blowup of the solution
In this section, we are interested in whether the smooth solution of the problem (1.1) exists
globally in time. Set Ht = {t′ ∈ (0, t), y > 0}. Under the assumption that the initial data u0
and outer flow U satisfy the condition (1.5), we shall prove that the norm ‖∂xu(t′, 0, y)‖L∞(Ht)
of solution to the problem (1.1) will blow up in (0, T ). This shall be obtained by developing the
idea from [9] and a contradiction argument.
Denote by
f¯(t, y) = f(t, 0, y) and g¯(t) = g(t, 0)
for functions f(t, x, y) and (g(t, x).
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By restricting the problem (1.1) on the plane {x = 0}, we get that u¯(t, y) = u(t, 0, y) satisfies
the following problem in Ht,
(3.25)

∂tu¯+ u¯∂xu+ v¯∂yu¯+
∫ y
∞ u¯dy
′ − ∂2y u¯ = 0,
u¯|t=0 = 0,
(u¯, v¯)|y=0 = (0, 0), lim
y→+∞
u¯ = 0
where ∂xu+ ∂y v¯ = 0.
Assume that ∂xu(t, 0, y does not blow up in HT , and there is a constant MT > 0 such that
(3.26) ‖∂xu(t, 0, y)‖L∞(HT ) ≤MT .
Owing to the assumption (3.26), one has the following lemma.
Lemma 3.1. Assume that ∂xu ∈ C2(HT ) satisfies the assumption (3.26). Then the problem
(3.25) only has the trivial solution, ∂xu(t, 0, y) ≡ 0 in HT , in the class that satisfies the first
decay condition given in (1.7).
Proof. By multiplying the equation in (3.25) by u¯e2ψ (ψ is the same as given in (2.9) with the
parameter γ large) and integrating in y, one obtains
d
2dt
∫ +∞
0
u¯2e2ψdy −
∫ +∞
0
∂tψu¯
2e2ψdy +
∫ +∞
0
(∂y u¯)
2e2ψdy
=−
∫ +∞
0
2ψy∂yu¯u¯e
2ψdy +
∫ +∞
0
∂xuu¯
2e2ψdy +
∫ +∞
0
v¯∂yu¯u¯e
2ψdy(3.27)
+
∫ +∞
0
∫ y
∞
u¯dy′u¯e2ψdy := I1 + I2 + I3 + I4.
By using integration by parts and Young’s inequality, one can control the terms on the right
hand side of (3.27) as follows:
|I1| ≤
∫ +∞
0
2ψ2yu¯
2e2ψdy +
1
2
∫ +∞
0
(∂y u¯)
2e2ψdy,
|I3| ≤1
4
∫ +∞
0
(∂yu¯)
2e2ψdy +
∫ +∞
0
v¯2u¯2e2ψdy
≤1
4
∫ +∞
0
(∂yu¯)
2e2ψdy + ‖∂xu‖2L∞(HT )
∫ +∞
0
y2u¯2e2ψdy
and
|I4| ≤ CT
∫ +∞
0
(
∫ ∞
y
u¯2e2ψdy′)
1
2 |u¯|eψdy ≤ δ
∫ +∞
0
y2u¯2e2ψdy +
C2T
2δ
∫ +∞
0
u¯2eψdy
with δ being sufficiently small. Thus, we conclude that
d
2dt
∫ +∞
0
u¯2e2ψdy −
∫ +∞
0
(∂tψ + 2ψ
2
y)u¯
2e2ψdy +
1
4
∫ +∞
0
(∂yu¯)
2e2ψdy
≤(‖∂xu‖L∞(HT ) +
C2T
2δ
)
∫ +∞
0
u¯2e2ψdy + (‖∂xu‖2L∞(HT ) + δ)
∫ +∞
0
y2u¯2e2ψdy.
14 X. WANG AND Y.-G. WANG
In view of (1.7), (2.19) and (3.26), letting γ be large enough in the definition of ψ(t, y), we can
achieve u¯(t, y) ≡ 0 (0 ≤ t ≤ T1) by using Gronwall’s inequality in the above estimate for a small
time T1. By a continuation argument, we get u¯(t, y) ≡ 0 for all 0 ≤ t ≤ T . 
Denote by u˜(t, y) = −∂xu(t, 0, y) and U˜(t) = −∂xU(t, 0). With the aid of the condition (1.5)
and Lemma 3.1, we know from (1.1) that w = u˜− U˜ satisfies the problem
(3.28)

∂tw − w2 + ∂−1y (w + U˜)∂yw − 2U˜w +
∫ y
∞ wdy
′ − ∂2yw = 0,
w|t=0 = w0 , u˜0(y)− U˜(0),
w|y=0 = −U˜(t), lim
y→+∞w = 0,
where ∂−1y f(y) :=
∫ y
0 f(y
′)dy′.
For the problem (3.28), first we have the following non-negative property of the solution.
Lemma 3.2. Under the assumptions (1.5), (1.7) and (3.26), any classical solution of the problem
(3.28) is non-negative.
Proof. Set V = wey−λt for λ > 0, then V satisfies
(3.29)

∂tV +
(
2 + ∂−1y (V e
λt−y + U˜)
)
∂yV − ∂−1y (V eλt−y + U˜)V
+(λ− 2U˜ − 1)V − ∂2yV = V 2eλt−y + ey
∫∞
y
e−yV dy′,
V |t=0 = eyw0,
V |y=0 = −e−λtU˜ , lim
y→+∞
V = 0.
For any fixed ε > 0, we consider V ε = V + ε, which satisfies
(3.30)

∂tV
ε +
(
2 + ∂−1y ((V
ε − ε)eλt−y + U˜))∂yV ε − ∂−1y ((V ε − ε)eλt−y + U˜)V ε
+(λ− 2U˜ − 1)V ε − ∂2yV ε = −ε∂−1y ((V ε − ε)eλt−y)− ε∂−1y U˜
+ε(λ− 2U˜ − 2) + (V ε)2eλt−y − 2εV εeλt−y + ε2eλt−y + ey ∫∞
y
e−yV εdy′,
V ε|t=0 = eyw0 + ε,
V ε|y=0 = −e−λtU˜ + ε, lim
y→+∞
V ε = ε.
Due to V ε ≥ ε > 0 at t = 0, we claim that V ε ≥ 0 in HT . Otherwise, let t∗ ∈ (0, T ] be the first
time such that V ε = 0 at an interior point (t∗, y∗), then one has
(i) V ε ≥ 0 in Ht∗ ,
(ii) V ε attains its minimum in Ht∗ at the point (t
∗, y∗).
In addition, under the assumption (3.26) and the second condition in (1.7), one has that
(3.31) ‖wey‖L∞(HT ) ≤ M¯T ,
for a positive constant M¯T > 0, then there holds
ε∂−1y ((V
ε − ε)eλt−y) ≤ εM¯T .
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By noting that at (t∗, y∗), ∂tV ε ≤ 0, ∂2yV ε ≥ 0, V ε = 0 and ∂yV ε = 0, and plugging these
information into the first equation in (3.30), it leads to a contradiction at (t∗, y∗) by choosing
λ > 0 properly large. As a consequence, it deduces that V ε ≥ 0 in HT . Moreover, in virtue of
the arbitrariness of ε, we conclude that
V ≥ 0 in HT ,
which implies
w ≥ 0 in HT .
Thereby we complete the proof of this lemma. 
Next, we shall prove that under certain condition, the solution w of (3.28) will tend to infinity
in a finite time by constructing a Lyapunov functional.
For this, we define the Lyapunov functional as follows:
G(t) =
∫ ∞
0
ρ(y)w(t, y)dy.
Here the nonnegative weight ρ(y) ∈ W 2,∞(R+) ∩ C1(R+) ∩ L1(R+) is given by
(3.32) ρ(y) =
f(y), 0 ≤ y ≤ B,g(y), y > B,
with real numbers 0 < A < M < B < +∞, where f(y) ∈ C1([0, B]) ∩C2([0, B] \ {A}) satisfies
(F1) f(0) = 0, f(y) > 0 for any y ∈ (0, B],
(F2) yf ′(y) ≤ Cff(y) for some Cf > 0 on [0, B],
(F3)
∫ y
0 f(y
′)dy′ + f ′′(y) ≥ 0, on [0, B] \ {A},
(F4) f ′′(y) ≤ 0, on [0, B] \ {A},
and the extension g(y) ∈ C2([M,+∞) ∩ L1([M,+∞)) satisfies
(G1) lim
y→+∞
g(y) = lim
y→+∞
g′(y) = 0, g(y) > 0 for any y > M ,
(G2) g′(y) < 0 and g′′(y) > 0 for any y > M ,
(G3) (g
′)2
gg′′
≤ β < 1 for any y ≥ B.
Moreover, we construct a cut-off function η(y) ∈ C∞(R) such that
(3.33) η(y) = 0 (∀y < M), η(y) = 1 (∀y > B) and 0 ≤ η′ ≤ 2
B −M ,
and the functions f(y) and g(y) obey the compatibility conditions:
(FG1) f(B) = g(B), f ′(B) = g′(B),
(FG2) η (g
′)2
fg′′
≤ β < 1 and 2η′g′ + ηg − f ′′ ≥ 0, for any y ∈ [M,B].
An example of the weight ρ(y) shall be given in Appendix.
For the Lyapunov functional G(t) with the solution w of the problem (3.28), we have the
following inequality.
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Lemma 3.3. With the weight function ρ having the properties (F1)-(F4), (G1)-(G3) and (FG1)-
(FG2), the functional G(t) satisfies the following estimate,
dG
dt
≥ 2(1− β)‖ρ‖L1(R+)
G2 − ‖U˜‖L∞([0,T ])(3 + Cf )G(3.34)
under the assumption (1.5).
Proof. Noting that ρ(0) = lim
y→+∞
ρ(y) = lim
y→+∞
ρ′(y) = 0, by integrating by parts, one deduces
from (3.28) that
dG
dt
=
∫ ∞
0
ρw2dy −
∫ ∞
0
ρ∂−1y w∂ywdy −
∫ ∞
0
ρ∂−1y U˜∂ywdy + 2
∫ ∞
0
ρU˜wdy
+
∫ ∞
0
ρ
∫ ∞
y
wdy′dy +
∫ ∞
0
ρ∂2ywdy
=2
∫ ∞
0
ρw2dy − 1
2
∫ ∞
0
ρ′′(∂−1y w)
2dy + U˜
∫ ∞
0
yρ′wdy + 3U˜
∫ ∞
0
ρwdy
+
∫ ∞
0
∫ y
0
ρdy′wdy +
∫ ∞
0
ρ′′wdy − ρ′(0)U˜
:=
7∑
k=1
Jk.
(3.35)
Let us estimate the right hand side of (3.35) term by term. Similar to [9], thanks to (F1),
(F3), (G1)-(G3), (3.33) and (FG2), for the terms J1 and J2 we have
J1 + J2 =2
∫ ∞
0
ρw2dy − 1
2
∫ ∞
0
ηρ′′(∂−1y w)
2dy − 1
2
∫ ∞
0
(1− η)f ′′(∂−1y w)2dy
≥2
∫ ∞
0
ρw2dy +
1
2
∫ B
M
(ηg′′ − f ′′)(∂−1y w)2dy −
1
2
∫ ∞
M
ηg′′(∂−1y w)
2dy
≥2
∫ ∞
0
ρw2dy +
1
2
∫ B
M
(2η′g′ + ηg′′ − f ′′)(∂−1y w)2dy
− 2
∫ ∞
B
η
(g′)2
gg′′
gw2dy − 2
∫ B
M
η
(g′)2
fg′′
fw2dy
≥2(1− β)
∫ ∞
0
ρw2dy
≥ 2(1− β)‖ρ‖L1(R+)
G2.
For the terms Jl (l = 3, 4, 5, 6), by using the properties (F2)-(F3), (G2) and the condition
(1.5), these terms can be bounded as below:
J3 + J4 =U˜
∫ ∞
0
yρ′wdy + 3U˜
∫ ∞
0
ρwdy
≥− ‖U˜‖L∞([0,T ])(3 + Cf )G
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and
J5 + J6 ≥
∫ B
A
(
∫ A
0
ρdy′ + f ′′)wdy ≥ 0.
Combining the above estimates, it arrives at the inequality (3.34) by noting that J7 ≥ 0 from
the condition (1.5). 
Proof of Theorem 1.2. From the inequality (3.34), we know that there exists a time
0 < t∗ ≤ T such that
lim
t→t∗−
G(t) = +∞
when
G(0) >
‖ρ‖L1(R+)‖U˜‖L∞([0,T ])(3 + Cf )
2(1− β)
1
1− e−‖U˜‖L∞([0,T ])(3+Cf )T
,
which implies that lim
t→t∗−
‖w‖L∞(Ht) = +∞ with the aid of the condition (1.7) and the construc-
tion of ρ.
In particular, when U ≡ 0, the inequality (3.34) simplifies into
dG
dt
≥ 2(1− β)‖ρ‖L1(R+)
G2,
which implies that G(t) always blows up in a finite time for any given nonzero initial value
satisfying the condition (1.5). Thus we conclude that the solution w to the problem (3.28)
must blow up in a finite time with large enough initial value, which is a contradiction with the
assumption (3.26). Thereby we complete the proof of Theorem 1.2. 
Appendix: The construction of the weight ρ(y)
Inspired by [9], we construct ρ(y) ∈W 2,∞(R+) ∩ C1(R+) by the profile
ρ(y) =

ky, 0 ≤ y < A,
ay2 + by + c, A ≤ y < B,
1
(y+h)γ , B ≤ y,
where the parameters A,B, a, b, c, k, h and γ will be specified later. Denote by
f(y) = ρ(y) for 0 ≤ y < B, g(y) = 1
(y + h)γ
for y ≥ 0, h > 0.
To guarantee ρ ∈ C1(R+), i.e. the property (FG1) holds, we need the relations (R):
a = − 1
B2 −A2
B(1 + γ) + h
(B + h)γ+1
, b = − γ
(B + h)γ+1
+
2B
B2 −A2
B(1 + γ) + h
(B + h)γ+1
,
c = − A
2
B2 −A2
B(1 + γ) + h
(B + h)γ+1
, k = − γ
(B + h)γ+1
+
2
B +A
B(1 + γ) + h
(B + h)γ+1
.
Now it is left to choose the proper parameters A, B, γ and h such that the above properties
hold.
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It is easy to verify the properties (F1),(F4) and (G1)-(G2) provided that k > 0, a < 0 and
γ > 1. Let
1
2
kA2 + a ≥ 0,
then it implies the property (F2)-(F3), especially it is sufficient to choose
A > 0, B ≥ 1
A2
+A and h > Aγ.
Obviously, the property (G3) holds with β = 2γ+12γ+2 .
To obtain the property (FG2), we construct a cutoff function ηs(z) ∈ C∞(R) with 0 ≤ η′s(z) ≤
2, and
(3.36) ηs(z) =

0, z < 0;
smooth connection, 0 ≤ z < 1;
1, z ≥ 1.
and define
η(y) = ηs(
y −M
B −M )
with M ∈ (A,B) being determined later.
For the first inequality in the property (FG2), it is sufficient to choose the point M and the
parameter h such that
min
{g(M)
g(B)
,
g(M)
f(M)
}
≤ β γ + 1
γ
=
2γ + 1
2γ
.
In fact, one has
g(M)
f(M)
≤ 2γ + 1
2γ
provided that h ≥ B−M
( 2γ+12γ )
1
γ
.
On the other hand, to achieve the inequality g(M)
f(M) ≤ 2γ+12γ , it is equivalent to
(3.37)
(B + h)γ+1
(M + h)γ
≤ 2γ + 1
2γ
[
(2BM −M2 −A2)(B(1 + γ) + h)
B2 −A2 − γM ],
which can be obtained by choosing M and h such that
M
B
≥ 2
α
1
γ
− 1,
M
B
≥ 1−
√
(1− (A
B
)2) 12γ+2 ,
h ≥ (4γ + 4)γB,
where α = 4γ+14γ .
Moveover, by taking h ≥ 4γ(B2−A2)
B−M , one has
− 4
B −M
γ
(M + h)γ+1
− a = (− 4γ
B −M +
B(1 + γ) + h
B2 −A2
) 1
(B + h)γ+1
≥ 0,
which guarantees the second inequality in the property (FG2).
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For example, if we can take A = 2, M = 4.5, B = 5, γ = 2, h = 400 and Cf = 1, and the
parameters k, a, b and c are given in the relations (R), then the functions f(y) and g(y) satisfy
all properties listed above. Thereby we complete the construction of ρ.
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